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Bruhat $LS$ ( cl
) ( $=$ )
1.1 ( [Kac] ):
$\mathfrak{g}$ :($\mathbb{C}$ ) $\mathfrak{h}\subset \mathfrak{g}$ :Cartan
$\triangle$ : $\mathfrak{g}$ $\triangle^{+}\subset\triangle$ :
$\{h_{j}\}_{j\in I}$ : $\mathfrak{g}$ $\{\alpha_{j}\}_{j\in I}$ : $\mathfrak{g}$
$Q_{+}:= \sum_{j\in I}\mathbb{Z}_{\geq 0}\alpha_{j},$ $Q^{\vee}:=\oplus_{j\in I}\mathbb{Z}h_{j},$
$P$ : $\mathfrak{g}$ $P_{+}\subset P$ :
$\{\varpi_{i}\}_{i\in I}$ : $\mathfrak{g}$
$W:=\langle r_{j}|j\in I\rangle$ : $\mathfrak{g}$ Weyl ( 5: $\alpha_{j}$ ).
$\hat{\mathfrak{g}}=\mathfrak{g}\otimes \mathbb{C}[t, t^{-1}]\oplus \mathbb{C}c\oplus \mathbb{C}d$ :(untwisted)
$c$ : $\hat{\mathfrak{g}}$ $d$ :
$\hat{\mathfrak{h}}:=\mathfrak{h}\oplus \mathbb{C}c\oplus \mathbb{C}d$ : $\hat{\mathfrak{g}}$ Cartan
$\lambda\in \mathfrak{h}^{*}$ $\lambda(c)=\lambda(d)=0$ $\lambda\in\hat{\mathfrak{h}}^{*}$
$\hat{I}:=I\sqcup\{O\},$
$\{h_{j}\}_{j\in\hat{I}}:\hat{\mathfrak{g}}$ $\{\alpha_{j}\}_{j\in\hat{I}}$ : $\hat{\mathfrak{g}}$
$\triangle_{re}^{+}:\hat{\mathfrak{g}}$ $\delta$ : $\hat{\mathfrak{g}}$ null root,
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$\hat{P}$ : $\hat{\mathfrak{g}}$ $(Parrow\hat{P}$ $)$ ,
$\hat{W}:=\langle r_{j}|j\in\hat{I}\rangle:\hat{\mathfrak{g}}$ Weyl
$U_{q}(\hat{\mathfrak{g}})$ : $U_{q}’(\hat{\mathfrak{g}})$ : $q^{d}$
2
2.1 Lakshmibai-Seshadri ( $LS$ ) Littelmann [L]
$LS$ $\lambda\in\hat{P}$




$l=1,2,$ $\ldots,$ $k$ $\mu_{l}=r_{\xi_{l}}(\mu_{l-1})$ $\langle\mu_{l-1},$ $\xi_{l}^{\vee}\rangle<0$
$\xi\in\triangle_{re}^{+}$ $r_{\xi}\in\hat{W}$ $\xi$ $\xi^{\vee}$ $\xi$
$\mu>\nu$ dist $(\mu, v)$ $k$
2.1.2. $0<\sigma<1$ $\mu,$ $\nu\in\hat{W}\lambda,$ $\mu>\nu$ $(\mu, \nu)$
$\sigma$-chain $\hat{W}\lambda$ $\mu=\mu_{0}>\mu_{1}>\cdots>\mu_{k}=v$
: $l=1,2,$ . . . , $k$ dist $(\mu_{l-1}, \mu_{l})=1$ , $\sigma\langle\mu_{l-1},$ $\xi_{l}^{\vee}\rangle\in \mathbb{Z}$
$\xi_{l}$ $\mu_{l}=r_{\xi\iota}(\mu_{l-1})$ $(\mu_{l-1}>\mu_{l}$
dist $(\mu_{l-1}, \mu\iota)=1$ ).
2.1.3. $\pi=(\underline{\nu};\underline{\sigma})$ $\hat{W}\lambda$ $\underline{\nu}$ : $\nu_{1}>\nu_{2}>\cdots>\nu_{s}$
$\underline{\sigma}$ : $0=\sigma_{0}<\sigma_{1}<\cdots<\sigma_{s}=1$ $u=1,2,$ $\ldots,$ $s-1$
$(v_{u}, \nu_{u+1})$ $\sigma_{u}$-chain $\pi$ $\lambda$ $LS$ $\mathbb{B}(\lambda)$
$\lambda$ $LS$
$\pi=(v_{1}, v_{2}, \ldots, \nu_{\mathcal{S}};\sigma_{0}, \sigma_{1}, \ldots, \sigma_{s})\in \mathbb{B}(\lambda)$
$\pi$ : $[0,1]arrow \mathbb{R}\otimes_{\mathbb{Z}}\hat{P}$ :
$\pi(t)=\sum_{q=1}^{p-1}(\sigma_{q}-\sigma_{q-1})v_{q}+(t-\sigma_{p-1})\nu_{p}$ for $\sigma_{p-1}\leq t\leq\sigma_{p},$ $1\leq p\leq s.$
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[L] $\mathbb{B}(\lambda)$ ( $\hat{P}$ )
[$L$ , Lemma 4.5 $a)$ ] $\pi\in \mathbb{B}(\lambda)$ $\pi(1)\in\hat{P}$
wt $(\pi):=\pi(1)\in\hat{P}$ for $\pi\in \mathbb{B}(\lambda)$
$\mathbb{B}(\lambda)$ Kashiwara : $\pi\in$
$\mathbb{B}(\lambda)$ $i\in\hat{I}$
$H_{j}^{\pi}(t)$ $:=\langle\pi(t),$ $h_{j}\rangle$ for $t\in[0,1],$
$m_{j}^{\pi}:= \min\{H_{j}^{\pi}(t)|t\in[0,1]\},$
2.1.4 $([L,$ Lemma $4.5d)])$ . $H_{j^{\pi}}(t)$
$m_{j}^{\pi}$ $0$ $H_{j}^{\pi}(1)-m_{j}^{\pi}$ $0$
$e_{j},$
$j\in\hat{I}$, $m_{j}^{\pi}=0$
$e_{j}\pi:=0$ $0$ $\mathbb{B}(\lambda)$ $m_{j}^{\pi}\leq-1$
$(e_{j}\pi)(t)=\{\begin{array}{ll}\pi(t) if 0\leq t\leq t_{0},\pi(t_{0})+r_{j}(\pi(t)-\pi(t_{0})) if t_{0}\leq t\leq t_{1},\pi(t)+\alpha_{j} if t_{1}\leq t\leq 1,\end{array}$
$t_{1}:= \min\{t\in[0,1]|H_{j}^{\pi}(t)=m_{j}^{\pi}\},$
$t_{0} := \max\{t\in[0, t_{1}]|H_{j}^{\pi}(t)=m_{j}^{\pi}+1\}$
( 2.1.4 $H_{j}^{\pi}(t)$ [to, $t_{1}]$ ).
$f_{j},$ $j\in I$ , $H_{j}^{\pi}(1)-m_{j}^{\pi}=1$ $f_{j}\pi:=0$
$H_{j^{\pi}}(1)-m_{j}^{\pi}\geq 1$




( 2.1.4 $H_{j}^{\pi}(t)$ $[t_{0},$ $t_{1}]$ ).
2.1.5 $([L, \S 2, \S 4])$ . $\pi\in \mathbb{B}(\lambda)$ $j\in\hat{I}$ $e_{j}\pi,$ $f_{j}\pi\in \mathbb{B}(\lambda)\cup\{0\}$
$\{\begin{array}{ll}\epsilon_{j}(\pi) :=\max\{n\geq 0|e_{j}^{n}\pi\neq 0\} for \pi\in \mathbb{B}(\lambda) and j\in\hat{I},\varphi_{j}(\pi) :=\max\{n\geq 0|f_{j}^{n}\pi\neq 0\} for \pi\in \mathbb{B}(\lambda) and j\in\hat{I},\end{array}$
$(\mathbb{B}(\lambda), wt, e_{j}, f_{j}, \epsilon_{j}, \varphi_{j})$ ( $\hat{P}$ )
$\mathbb{B}(\lambda)$ [NS5]
2.2 $LS$ $\lambda\in P_{+}arrow\hat{P}$ ; $\langle\lambda,$ $c\rangle=0$
$\lambda$ $\mu\in\hat{W}\lambda$ $\langle\mu,$ $c\rangle=0$
$\pi\in \mathbb{B}(\lambda)$ $\langle\pi(t),$ $c\rangle=0$ $\pi\in \mathbb{B}(\lambda)$
cl : $\mathbb{R}\otimes z^{\hat{P}}arrow(\mathbb{R}\otimes_{\mathbb{Z}}\hat{P})/\mathbb{R}\delta$ $\pi\in \mathbb{B}(\lambda)$ cl $(\pi)$ :
$[0,1]arrow(\mathbb{R}\otimes_{\mathbb{Z}}\hat{P})/\mathbb{R}\delta$ $(c1(\pi))(t)$ $:=c1(\pi(t)),$ $t\in[0,1]$ ,
$\mathbb{B}(\lambda)$ $1:=\{c1(\pi)|\pi\in \mathbb{B}(\lambda)\}.$
2.1.5 $\mathbb{B}(\lambda)$ $\mathbb{B}(\lambda)_{c1}$
( $\hat{P}_{c1}:=$ cl $(P)$ ) $\eta=$
cl $(\pi)\in \mathbb{B}(\lambda)$ cl $(\pi\in \mathbb{B}(\lambda))$
$wt(\eta):=c1(wt(\pi))\in\hat{P}_{c1},$
$e_{j}\eta:=$ cl $(e_{j}\pi)$ , $f_{j}\eta:=$ cl $(f_{j}\pi)$ for $j\in\hat{I},$
$\epsilon_{j}(\eta):=\epsilon_{j}(\pi)$ , $\varphi_{j}(\eta):=\varphi_{j}(\pi)$ for $j\in\hat{I}$
( cl(0) $:=0$ ); $\langle\delta,$ $h_{j}\rangle=0(^{\forall}i\in\hat{I})$ $r_{j}\delta=\delta(^{\forall}i\in\hat{I})$
$\eta=$ cl $(\pi)$ $\pi\in \mathbb{B}(\lambda)$ well-
defined
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2.2.1 $([NS1], [NS2], [NS3])$ . (1) $i\in I$ $\mathbb{B}(\varpi_{i})_{c1}$ Kashiwara
[Kas] $U_{q}’(\mathfrak{g})$ $W(\varpi_{i})$ (
)
(2) $i=(i_{1}, i_{2}, \ldots, i_{p})$ $I$ ( ), $\lambda_{i}:=$
$\varpi_{i_{1}}+\varpi_{i_{2}}+\cdots+\varpi_{i_{p}}$
$\Psi_{i}:\mathbb{B}(\lambda_{i})_{c1}arrow\sim \mathbb{B}(\varpi_{i_{1}})$ $\iota\otimes \mathbb{B}(\varpi_{i_{2}})_{c1}\otimes\cdots \mathbb{B}(\varpi_{i_{p}})$ 1
2.2.2. $i\in I$ $W(\varpi_{i})$
$U_{q}’(\mathfrak{g}$ $)$ - Drinfeld $\{P_{i}(u)\}_{i\in I}$
$P_{i}(u)=1-au(^{\exists}a\in \mathbb{Q}(q)) , P_{j}(u)=1(j\in I, j\neq i)$
$( [N,$ Remark $3.3] )$ . $W(\varpi_{i})$
([HKOTY, \S 2.3] ) Kirillov-Reshetikhin ($KR$) $W_{1}^{(i)}$
$W(\varpi_{i})\cong W_{1}^{(i)}$ (
[$NS4$ , Lemma 1.5.3] ), $W(\varpi_{i})$ (one-column)
$KR$ $B^{i,1}$ 2.2.1 $\mathbb{B}(\varpi_{i})$ 1 $KR$
$B^{i,1}$
$\mathbb{B}(\lambda)$ $1(\lambda\in P_{+})$ $B^{i,1}$ $(i\in I)$
2.3 $\mathbb{B}(\lambda)$ 1 $\lambda\in P_{+}arrow\hat{P}$
[NS6, \S 3.1] $\mathbb{B}(\lambda)$ 1
$Deg_{\lambda}:\mathbb{B}(\lambda)_{c1}arrow \mathbb{Z}_{\leq 0}$
: $\mathbb{B}_{0}(\lambda)$ $\pi_{\lambda}:=(\lambda;0,1)$ $\mathbb{B}(\lambda)$
$\pi=(v_{1}, \ldots, v_{S};\sigma_{0}, \ldots, \sigma_{S})\in \mathbb{B}(\lambda)$ $\iota(\pi)$ $:=v_{1}$ ;
$\epsilon>0$ $\iota(\pi)=\pi(\epsilon)/\epsilon$
[NS6, Proposition 3.1.3] $\eta\in \mathbb{B}(\lambda)$ 1 $\pi_{\eta}\in \mathbb{B}_{0}(\lambda)$
cl $(\pi_{\eta})=\eta$ $\iota(\pi_{\eta})\in\lambda-Q_{+}$
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wt $(\pi_{\eta})=\pi_{\eta}(1)$ $([NS6,$ Lemma $3.1.1])$ :




2.3.1 $([NS6,$ Lemma $3.2. 1] )$ . $Deg_{\lambda}$ : $\mathbb{B}(\lambda)$ $1arrow \mathbb{Z}\leq 0$
$\mathbb{B}(\lambda)$ 1 :
(i) $Deg_{\lambda}(\eta_{\lambda})=0$ . $\eta_{\lambda}:=c1(\pi_{\lambda})$ ;
(ii) $e_{j}\eta\neq 0$ $\eta\in \mathbb{B}(\lambda)$ cl $j\in\hat{I}$
$Deg_{\lambda}(e_{j}\eta)=\{\begin{array}{ll}Deg_{\lambda}(\eta)-1 if j=0 and \iota(e_{0}\pi_{\eta})=\iota(\pi_{\eta}) ,Deg_{\lambda}(\eta)-\langle\iota(\pi_{\eta}), h_{0}\rangle-1 if j=0 and \iota(e_{0}\pi_{\eta})=r_{0}(\iota(\pi_{\eta})) ,Deg_{\lambda}(\eta) if j\neq 0.\end{array}$
$i=(i_{1}, i_{2}, \ldots, i_{p})$ $I$ ( ), $\lambda_{i}:=\varpi_{i_{1}}+$
$\varpi_{i_{2}}+\cdots+\varpi_{i_{p}}$ 2.2.1 (2)
$\Psi_{i}$ : $\mathbb{B}(\lambda_{i})$cl $arrow\sim \mathbb{B}(\varpi_{i_{1}})$ cl $\otimes \mathbb{B}(\varpi_{i_{2}})$ $1\otimes\cdots \mathbb{B}(\varpi_{i_{p}})$ cl $=:\mathbb{B}_{i}$
$D_{i}$ : $\mathbb{B}_{i}arrow \mathbb{Z}_{\leq 0}$ $\mathbb{B}_{i}$ ( [HKOTY,
\S 3], [HKOTT, \S 3.3] [NS6, \S 4.1] ).
2.3.2 $([NS6,$ Theorem $4.1.1])$ . $\eta\in \mathbb{B}(\lambda_{i})_{c1}$
$Deg_{\lambda_{i}}(\eta)=D_{i}(\Psi_{i}(\eta))-D_{i}^{ext}$
$D_{i}^{ext}\in \mathbb{Z}$ ( $\eta$ )
3 Bruhat $LS$
3.1 Bruhat $\lambda\in P_{+}$ $J$ $:=\{i\in I|\langle\lambda, h_{i}\rangle=0\}$
$W_{J}:=\langle r_{j}|i\in J\rangle\subset W$ $W_{J}$ $W$
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; minimal coset
representative $W^{J}(\cong W/W_{J})\subset W$ minimal coset representatives
$\lfloor\cdot\rfloor=\lfloor\cdot\rfloor_{J}$ : $Warrow W^{J}\cong W/W_{J}$
$\triangle_{J}:=\triangle\cap(\oplus_{j\in J}\mathbb{Z}\alpha_{j}) , \triangle_{J}^{\pm}:=\triangle^{\pm}\cap\triangle_{J},$
$\rho:=\frac{1}{2}\sum_{\alpha\in\Delta+}\alpha, \rho_{J}:=\frac{1}{2}\sum_{\alpha\in\Delta_{J}^{+}}\alpha.$
3.1.1 $([LNS^{3}1, \S 4])$ . ( ) Bruhat $QB(W^{J})$
$\triangle^{+}\backslash \triangle_{J}^{+}$ :
$W^{J}$ $w\in W^{J}$ $\beta\in\triangle^{+}\backslash \triangle_{J}^{+}$ (i), (ii)
$warrow\beta\lfloor wr_{\beta}\rfloor$
(i) $\ell(\lfloor wr_{\beta}\rfloor)=\ell(w)+1$ ;
(ii) $\ell(\lfloor wr_{\beta}\rfloor)=\ell(w)-2\langle\rho-\rho_{J},$ $\beta^{\vee}\rangle+1.$
$QB(W^{J})$ $x\in W^{J}$ $y\in W^{J}$
$([LNS^{3}1,$ Remark $6.13])$ . $x\in W^{J}$ $y\in W^{J}$
$p:x=x_{0}arrow^{\beta_{1}}x_{1}arrow^{\beta_{2}}$ . . . $arrow^{\beta_{n}}x_{n}=y$
$P$ wt $(p)\in Q^{\vee}$
wt(p)
$:= \sum_{1\leq k\leq ns.t}.\beta_{k}^{\vee}\ell(x_{k})=\ell(x_{k-1})-2\langle\rho-\rho_{J},\beta_{k}^{\vee})+1$
3.1.2 $([LNS^{3}1]^{1})$ . $x,$ $y\in W^{J}$ p, q $QB(W^{J})$ $x$ $y$
wt(p) wt(q) $Q_{J}^{\vee}:=\oplus_{j\in J}\mathbb{Z}h_{j}$




$p$ $x$ $y$ ; 3.1.2 $J=\{i\in$
$J|\langle\lambda,$ $h_{i}\rangle=0\}$ $wt_{\lambda}(x\Rightarrow y)$ $P$
3.2 $LS$ $\sigma\in \mathbb{Q}$ $QB(W^{J})$ ( )
$QB_{\sigma\lambda}(W^{J})$ : $QB(W^{J})$ $W^{J}$
$QB(W^{J})$
$arrow\beta$
$\langle\sigma\lambda,$ $\beta^{\vee}\rangle\in \mathbb{Z}$ (
).
3.2.1. $\lambda\in P_{+}$ $LS$ $W^{J}$ $\underline{x}$ : $x_{1},$ $x_{2},$ $\ldots,$ $x_{S}$
$\underline{\sigma}$ : $0=\sigma_{0}<\sigma_{1}<\cdots<\sigma_{s}=1$ $\eta=(\underline{x};\underline{a})$
: $1\leq u\leq s-1$ $x_{u}\neq x_{u+1}$ $QB_{\sigma_{u}\lambda}(W^{J})$
$x_{u+1}$ $x_{u}$ QLS$(\lambda)$ $\lambda$ QLS
$\eta=$
$(x_{1}, x_{2}, \ldots, x_{s};\sigma_{0}, \sigma_{1}, . . . , \sigma_{s})\in QLS(\lambda)$
$\eta$ : $[0,1]arrow \mathbb{R}\otimes_{\mathbb{Z}}P$ :
$\eta(t)=\sum_{q=1}^{p-1}(\sigma_{q}-\sigma_{q-1})x_{q}\lambda+(t-\sigma_{p-1})x_{p}\lambda$ for $\sigma_{p-1}\leq t\leq\sigma_{p},$ $1\leq p\leq s.$
4
4.1 $LS$ $LS$ $\lambda\in P_{+}arrow\hat{P}$
$\mathbb{B}(\lambda)$ 1 $[0,1]$ $(\mathbb{R}\otimes_{\mathbb{Z}}\hat{P})/\mathbb{R}\delta$ $(\mathbb{P}$ 1
) cl: $\mathbb{R}\otimes_{\mathbb{Z}}\hat{P}arrow(\mathbb{R}\otimes_{\mathbb{Z}}\hat{P})/\mathbb{R}\delta$
$\mathbb{R}\otimes_{\mathbb{Z}}P(arrow \mathbb{R}\otimes_{\mathbb{Z}}\hat{P})$ QLS $(\lambda)$ $\mathbb{P}_{c1}$
4.1.1 $([LNS^{3}2])$ . $\lambda\in P_{+}arrow\hat{P}$ $\mathbb{P}$ 1
$\mathbb{B}(\lambda)_{c1}=QLS(\lambda)$
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4.2 $\eta\in \mathbb{B}(\lambda)$ 1 4.1.1 $\mathbb{B}(\lambda)_{c1}=$
QLS $(\lambda)$ QLS $(\lambda)$
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